Abstract-The modified Watson transform is applied to the Mie series for the electromagnetic wave transmitted into the double negative cylinder due to high frequency plane wave incidence The Debye series expansion is adapted to the transmission coefficients to reveal the transmission mechanism at high frequency. The first term of the Debye series is examined. Two kinds of geometrical shadow regions and two kinds of geometrically lit regions are shown to exist. The field formation mechanisms in these regions are indicated. Several differences between a double positive cylinder and a double negative cylinder are determined The field computations are performed in the geometrical shadow and the geometrically lit regions for the first term of the Debye series. The residue series and steepest descent computations are shown to be in good agreement with the Mie series computations.
INTRODUCTION
Double negative (DNG) metamaterials are artificial materials which have negative permittivities and permeabilities. Veselago was the first to propose DNG metamaterials and their basic properties theoretically in the article [1] in 1968. The bases for the physical realizations of DNG metamaterials using split ring resonators and thin wires were set up in [2, 3] . The construction of a DNG metamaterial and the experimental verification of negative refraction were demonstrated in [4, 5] .
The L-C loaded transmission line method which is another way of implementing DNG metamaterials was numerically and experimentally exhibited in [6] [7] [8] . Some recent work on left-handed metamaterials is cited in [9] [10] [11] [12] [13] [14] [15] . The Mie series expansion for the transmitted field due to a high frequency plane wave incident on an infinitely long dielectric cylinder which is a canonical geometry to simulate a smooth convex surface has a computational burden due its slow convergence. In addition, this expansion lacks the physical insight into the transmission process. The modified Watson transform followed by the Debye series expansion eliminates the computational burden and provides the physical insight. The Watson transform was used first in [17] Some other applications of it are given in [18] [19] [20] [21] [22] [23] . The Debye series expansion was used first by Debye in [16] . In [24] [25] [26] [27] , some other applications of the Debye series expansion are given.
In this article, the transmission of a high frequency plane wave into an infinitely long dielectric cylinder is examined for the first term of the Debye series expansion and several differences between a DPS and a DNG cylinder are indicated This article stems from the work done in [28] which was originated from [26, 27, 29] The article is organized in the following way: In the Section 2, the Mie series expansion of the transmitted field is derived. In the Section 3, the modified Watson transform and the Debye series expansion are applied to the Mie series. In the Section 4, the first term of the Debye series is analyzed. The geometrical shadow regions and the geometrically lit regions are determined. The physical pictures for the field formation in these regions are found out in terms of creeping waves and rays. Using these physical pictures, some comparisons are made between a DPS and a DNG cylinder. In the Section 5, the numerical results are presented to verify the physical pictures derived in the Section 4.
THE MIE SERIES EXPANSION FOR THE TRANSMITTED FIELD
Assuming a time harmonic dependence of e −jωt , the dielectric cylinder of infinite length and of radius a is illuminated by an incident plane of the form
ω is the radial frequency of the incident plane wave. ε 0 is the permittivity of the free space and µ 0 is the permeability of the free space.
The problem geometry is shown in Figure 1 . Figure 1 . The problem geometry.
The Mie series expansions of the incident and transmitted fields are
where j = √ −1, (ρ, φ) is the cylindrical coordinate pair of the field point and d l are the Mie series coefficients of the transmitted field.
Applying the boundary conditions at the boundary of the cylinder of the refractive index n, the transmission coefficients are found to be
where
The definition for f (z 0 ) where (5) is given as follows:
THE MODIFIED WATSON TRANSFORM AND THE DEBYE SERIES EXPANSION
In order to overcome the computational burden of the Mie series solution, the Modified Watson transform is applied to the Mie series solution. Before the application of the modified Watson transform, the Bessel function of the first kind is separated into its Hankel function components. This separation is made for the field points outside the circle which has a radius a |n| and has its center at the origin since a physical interpretation appropriate for this field region is to be made. The application of the modified Watson transform to the Mie series expression yields the following equality: At sufficiently high frequencies of operation, the incident plane wave can be considered to be made up of rays incident on the dielectric cylinder. Then, the physical picture shown in Figure 2 can be used for the transmission problem. The ray incident on the cylinder is transmitted into the cylinder. This transmitted ray is the first term contributing to the field inside the cylinder. The first term ray is reflected by the cylinder to form the second term. This second term ray is reflected by the cylinder to form the third term. Continuing in this manner, the pth term contributing to the field inside the cylinder is obtained after p − 1 reflections inside the cylinder. The ray incident on the cylinder is made up of cylindrical waves. Hence, a transmission coefficient and a reflection coefficient will be in charge for the cylindrical waves during the field formation inside the cylinder. R 11 is the reflection coefficient for the cylindrical wave reflected from the 1st medium, the interior of the cylinder, to the 1st medium. T 21 is the transmission coefficient for cylindrical wave transmitted from the 2nd medium, the exterior of the cylinder, to the 1st medium. The mathematical expressions for R 11 and T 21 are
as established in [26] . The transmission and then multiple reflections of the component cylindrical functions can be expressed as a series. The incident cylindrical wave denoted by H (2) l (k 0 ρ) is multiplied by T 21 and scaled by H (2) l (α) at the boundary ρ = a to obtain the amplitude of the transmitted cylindrical wave which is the first term of the series. After travelling inside the cylinder, the cylindrical wave hits the cylinder from the interior as a Hankel function of the first kind. It is multiplied by R 11 and scaled by H (2) l (α) to obtain the amplitude of the reflected cylindrical wave which is the second term of the series. The series terms are formed in this manner and the following equation is obtained for this series:
If the condition
is satisfied, then
Hence, the series obtained using the physical interpretation converges to the transmission coefficient and the Debye expansion has been applied to the transmission coefficients.
THE FIRST TERM OF THE DEBYE SERIES EXPANSION
The application of the Debye expansion to the transmission coefficient has yielded the equation in (13) . The transmitted field due to the first term of the Debye expansion is obtained by setting p to 1 in (13) and putting the resulting expression in place of d v and d −v in (8) . In addition, m is set to 0 to obtain the following:
The first integral containing H
v (nk 0 ρ) denotes the field formation due to the second intersection of a ray with the field circle. The field circle is the ρ one whose radius is the coordinate of the field point and whose center is the center of the cylinder. The second integral containing H (2) v (nk 0 ρ) denotes the field formation due to the first intersection of the same ray with the field circle. The Figure 3 displays these intersections.
The loci of the points of the first intersection of the ray with the field circle cannot cover the whole field circle. The same case is valid for the loci of the points of the second intersection of the ray with the field circle. Hence, there are two geometrical shadow regions and two geometrically lit regions. In Figure 4 for a DPS cylinder, it is shown that the geometrically lit region for the first intersection is the blue arc and the geometrically lit region for the second intersection is the red arc CD. Both of the arcs AB are on the field circle. The geometrically lit region for the first term of the transmitted field is the union of these two geometrically lit regions and the geometrical shadow region for the first term of the transmitted field is the intersection of these two geometrical shadow regions.
For a DNG cylinder, in the appropriate field region, the first integral in (14) satisfies
If the Debye asymptotic expansion is used for H (2) v k (|nk 0 ρ|) in the residue series, then the following exponential part is obtained for a prospective physical interpretation:
Approximating v k with β, the following simpler form of the first part of the expression in (16) is obtained:
From Figure 5 , the following geometrical relations can be derived:
The ray incident on the point P in Figure 5 has the exponential dependence e −jk 0 cos( π 2 ) . It creeps over the cylinder to the point T 1 to have the exponential dependence of exp jk 0 a P OT 1 . Then, it is critically and negatively refracted into the DNG cylinder. It propagates to the field point F (ρ, φ) with a final exponential dependence of exp jk 0 a P OT 1 
which is the same as the expression in (17) . The negative sign is due to the fact that in a DNG medium, the phase velocity direction is opposite to the direction of the power propagation. The physical interpretation in terms of the phase for the first part of the residue series in (15) is given with this explanation using the geometrical optics (GO). The verification of this physical picture in terms of the amplitude will numerically be made. A similar explanation for the second part of the residue series can be constructed using the ray which is incident on the point Q in Figure 5 and is responsible for the field formation at the field point F (ρ, −φ).
A similar physical interpretation can be derived for the residue series form of the first part of the second integral in (14) . This physical picture is shown in Figure 6 . After the examination of the geometrical shadow regions, it is time to consider the geometrically lit regions. The fields in the geometrically lit regions are formed partially by the refracted rays and partially by the refracted creeping waves. The field integrals will be calculated using the steepest descent method (SDM) to calculate the contribution by the refracted rays.
For a DNG cylinder, the following steepest descent equation can be obtained from the first part of the second integral in (14) :
From Figure 7 , the following geometrical relations can be written:
If the saddle point solution
is used in the steepest descent equation, then the geometrical relation in (20) is reached. If the Debye asymptotic expansion is applied to the integrand of the first part of the second integral in (14) and the resulting exponential part is evaluated at the saddle point, then
is obtained. The ray incident on the point P in Figure 7 is denoted mathematically by exp [−jk 0 asin (θ) ]. After being negatively refracted into the cylinder, the ray propagates to the field point with a final exponential dependence of exp
This final dependence is perceived to be the same as the expression in (23) if the relation in (21) is noticed. Hence, the physical picture shown in Figure 7 is verified in terms of the phase using GO. The verification in terms of the amplitude will numerically be made. A parallel interpretation can be employed for the field formation at the point F (ρ, −φ) using the ray incident on the point P (ρ, −θ). A similar physical interpretation can be derived for first part of the first integral in (14) . This physical picture for a DNG cylinder is shown in Figure 8 . After exhibiting the field formation mechanisms of the creeping waves and the rays, some differences between a DPS cylinder and a DNG cylinder will be pointed out.
The regions which are not illuminated by the transmitted rays belong to the geometrical shadow region of the related intersection. Then, it can be deduced that DNG cylinders have no geometrical shadow regions for the first term of the Debye series. An implication of the fact that DNG cylinders have no geometrical shadow regions is that two creeping waves can never be in charge for the formation of the transmitted field due to the first term of the Debye series in a DNG cylinder.
On the other hand, DPS cylinders always have geometrical shadow regions The geometrically lit region of the first intersection and the geometrically lit region of the second intersection can never intersect with each other in a DPS cylinder. Hence, due to such an intersection, two rays can never be in charge for the formation of the transmitted field in a DPS cylinder for the first term of the Debye series. 
NUMERICAL RESULTS
The field computations are made for the geometrical shadow regions and the geometrically lit regions of the first and second intersections. The percentage error in a result is defined as follows:
From the calculation results given in Figures 9-16 , it can be seen that the agreement between the Mie series results and the residue series results and the agreement between the Mie series results and the SDM results are very good. This agreement is uniform throughout the field points. Hence, the physical pictures and the related results presented in the previous section are proven to be true.
In addition to the verification of the physical pictures derived in the previous section, the computations reveal the speed advantage of the residue series method and the SDM. The residue series method is approximately 60 times faster than the Mie series method, and the SDM is approximately 220 times faster than the Mie series method.
CONCLUSION
The modified Watson transform and the Debye series expansion have been adapted to the transmission of a high frequency plane wave into an infinitely long DNG cylinder. The first term of the Debye series has been examined. The existence of two kinds of geometrical shadow regions and two kinds of geometrically lit regions has been observed. The field formation mechanisms and the related physical pictures have been determined. The phase verification of the physical pictures has been made using the geometrical optics and the amplitude verification has been made by numerical simulation. The numerical simulation results have been observed to be very accurate. Hence, the modified Watson transform and the Debye series expansion reveals the physical picture of the transmission. DNG and DPS cylinders have been compared in terms of the existence of the geometrical shadow region and field formation mechanisms Negative refraction and the backward wave propagation in a DNG medium have been verified.
